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ORBITAL STABILITY OF STANDING WAVES FOR THE
BI-HARMONIC NONLINEAR SCHRO¨DINGER EQUATION WITH
MIXED DISPERSIONS
TINGJIAN LUO, SHIJUN ZHENG, AND SHIHUI ZHU
Abstract. In this paper, we study the standing wave solutions for the bi-harmonic
nonlinear Schro¨dinger equation with a Laplacian term (BNLS), modelling the
propagation of intense laser beams in a bulk medium with Kerr nonlinearity. By
taking into account the role of second-order dispersion term, we prove that in
the mass-subcritical regime p ∈ (1, 1 + 8
d
), there exist orbitally stable standing
waves for BNLS, when µ ≥ 0, or µ ∈ [−λ0, 0), for some λ0 := λ0(p, ‖Qp‖2) > 0.
Moreover, in the mass-critical case p = 1 + 8
d
, we prove that the standing waves
for the BNLS are orbital stable when given µ ∈ (−4‖∇Q
∗‖2
2
‖Q∗‖2
2
, 0), and b ∈ (b∗, b∗),
for some b∗ := ‖Q∗‖ 8d
2
, b∗ := b
∗(µ, ‖Q∗‖H2) ≥ 0. This shows that the sign of
the second-order dispersion has crucial effect on the existence of orbitally stable
standing waves for the BNLS with mixed dispersions.
1. Introduction
In this paper, we study the following bi-harmonic nonlinear Schro¨dinger equation
iψt −△2ψ + µ△ψ + |ψ|p−1ψ = 0, t ≥ 0, x ∈ Rd, (1.1)
where i =
√−1 and the parameter µ ∈ R; ψ = ψ(t, x): R×Rd → C is the complex-
valued wave function and d is the space dimension; △ = d∑
j=1
∂2
∂x2
j
is the Laplace
operator in Rd and △2 = △△ is the biharmonic operator; 1 < p < 2d
(d−4)+ −1 (where
2d
(d−4)+ = +∞ if d = 1, 2, 3, 4; 2d(d−4)+ = 2dd−4 if d ≥ 5). The bi-harmonic nonlinear
Schro¨dinger equation (1.1) was introduced by Karpman in [25]. Also, [26] took into
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account the role of small fourth-order dispersion terms in the propagation of intense
laser beams in a bulk medium with Kerr nonlinearity. Imposing the initial data for
Eq. (1.1)
ψ(0, x) = ψ0, x ∈ Rd. (1.2)
Kenig, Ponce and Vega [27], Ben-Artzi, Koch and Saut [5], and Pausader [32] studied
the local well-posedness for Cauchy problem (1.1)-(1.2) in H2 = H2(Rd). In fact,
according to the well-posedness and conservation laws, we can verify that if 1 <
p < 1 + 8
d
, then the solution of Cauchy problem (1.1)-(1.2) exists globally in time.
Boulenger and Lenzmann in [7] proved the existence of blow-up solutions for Cauchy
problem (1.1)-(1.2) if p ≥ 1+ 8
d
. These suggest that p = 1+ 8
d
is the critical exponent
for equation (1.1), and p ∈ (1, 1 + 8
d
) is a subcritical exponent for (1.1), see [16].
Recently, the bi-harmonic nonlinear Schro¨dinger equations have been widely in-
vestigated. Fibich, Ilan and Papanicolaou [16] obtained the general results of global
well-posedness for Cauchy problem (1.1)-(1.2) in H2. Guo and Wang [20], Hao,
Hsiao and Wang [21], Miao, Xu and Zhao [30], Pausader [33], Pausader and Xia
[34], Segata [38, 39] et al studied global dynamical properties for the bi-harmonic
Schro¨dinger equations, including scattering, asymptotical behavior, sharp threshold
of scattering and blow-up etc. On the other hand, let ω ∈ R, µ ∈ R and u = u(x)
be a ground state of the following elliptic equation
△2u− µ△u+ ωu− |u|p−1u = 0, u ∈ H2. (1.3)
Then, one can check that ψ(t, x) = eiωtu(x) is a special global solution of Eq. (1.1),
which is called a standing wave of Eq. (1.1), see [10, 11, 12, 16, 31]. Levandosky
[28], Segata [39], Zhu, Zhang and Yang [46], Baruch, Fibich and Mandelbaum [2]
studied the existence of the ground state of Eq. (1.3). Karpman and Shagalov
[25, 26] numerically investigated the linear stability of solitons for Eq. (1.1) with
integer power nonlinearity, and they gave a necessary condition for linear stability of
solitons. In particular, they showed that for 1 < p ≤ 1+ 4
d
, there exist stable solitons,
and for p ≥ 1+ 8
d
, the evolution system (1.1)-(1.2) may develop into collapse. Baruch
and Fibich [1], Zhu, Zhang and Yang [46, 47] studied the dynamical properties of
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blow-up solutions. We remark that there is a gap 1 + 4
d
< p < 1 + 8
d
in [26], which
motivates us to further study stability for Eq. (1.1).
In this paper, we shall use the profile decomposition argument to investigate the
stability of standing waves for Eq. (1.1). The profile decomposition argument was
firstly proposed by Ge´rard in [18]. Hmidi and Keraani [22] established the profile
decomposition of bounded sequences in H1 and gave a new and simple proof of
some dynamical properties of blow-up solutions for the classical second-order NLS.
In [46], Zhu et al. established the profile decomposition of bounded sequences in H2
and applied it to study the limiting profile of blow-up solutions for Eq. (1.1). In
the present paper, we apply such profile decomposition to study the orbital stability
for Eq. (1.1). We show that if 1 < p < 1 + 8
d
, then there exist ground states for
Eq. (1.1), which are orbitally stable. In the critical case p = 1 + 8
d
, we obtain an
interesting phenomenon on the orbital stability, which is different than the classical
second-order NLS. Namely, if p = 1+ 8
d
and the initial data ‖ψ0‖L2 < ‖Q∗‖L2, then
the standing waves of (1.1) are orbitally stable, where Q∗ is the ground state of
△2Q+ 4
d
Q− |Q| 8dQ = 0, Q ∈ H2, (1.4)
which is the modified ground state for Eq. (1.1) with µ = 0. (Indeed, the actual
ground state for Eq. (1.1) is the ground state of Eq. (1.3)). This result is sharp in
the sense that Fibich, Ilan and Papanicolaou’s numerical observation in [16] implies
that there exist finite time blow-up solutions for Cauchy problem (1.1)-(1.2) with
initial data ‖ψ0‖L2 ≥ ‖Q∗‖L2 , which leads to strong instability.
The orbital stability of standing waves for the classical second-order NLS was
first studied by Cazenave and Lions in [13] by using the concentration compactness
principle. Weinstein [41] gave another proof of the orbital stability for a general
nonlinearity based on the Lyapunov functional. These results were significantly
extended by Grillakis, Shatah and Strauss in [19] for general Hamiltonian systems
that are invariant under a group of transformations. Recently, these arguments
have been applied to the study of the orbital stability for nonlinear Schro¨dinger
type equations with potentials, see [14, 17, 37, 40, 44].
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Given p > 1 and µ ∈ R, we consider the following variational problem
mµ := inf
u∈B1
Eµ(u), (VP)
where
Eµ(u) :=
1
2
∫
|△u|2dx+ µ
2
∫
|∇u|2dx− 1
p+ 1
∫
|u|p+1dx
is the energy for Eq. (1.1). Let B1 := {u ∈ H2 | ∫ |u|2dx = 1}. Denote the set of
minimizers, called ground states for (VP),
Mµ := {u ∈ B1 | Eµ(u) = mµ}. (1.5)
In Section 3, we will prove mµ 6= −∞ and the existence of the minimizers for
variational problem (VP) provided 1 < p < 1 + 8
d
. Moreover, from the Euler-
Lagrangian equation we know that for any u ∈ Mµ, there exists ω ∈ R, such that
u solves the stationary equation
△2u− µ△u+ ωu− |u|p−1u = 0. (1.6)
Obviously, if u(x) is a solution of (1.6), then ψ(t, x) = eiωtu(x) is a standing wave
of Eq. (1.1). In this paper, we will study the orbital stability of standing waves for
Eq.(1.1), in the following sense:
Definition 1.1. The set Mµ is said to be orbitally stable if any given ε > 0,
there exists δ > 0 such that for any initial data ψ0 satisfying
inf
u∈Mµ
‖ψ0 − u‖H2 < δ,
the corresponding solution ψ(t, x) of the Cauchy problem (1.1)-(1.2) satisfies
inf
u∈Mµ
‖ψ(t)− u‖H2 < ε for all t ≥ 0.
More precisely, we prove that if the initial data ψ0 is close to a orbit u ∈ Mµ,
then the corresponding solution ψ(t, x) of evolution system (1.1)-(1.2) remains close
to the orbit u ∈Mµ for all time.
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Firstly, we consider the subcritical case: 1 < p < 1 + 8
d
. By scaling arguments,
we shall observe that mµ ≤ 0 for all µ ∈ R, see Lemma 3.2, and that mµ is non-
decreasing with respect to µ ∈ R, see Lemma 3.1. Denote
µ0 := sup{µ > 0 | mµ < 0}, (1.7)
and let Qp be the ground state of the following biharmonic equation:
(p− 1)d
8
△2Q+
[
1 +
(p− 1)(4− d)
8
]
Q− |Q|p−1Q = 0, Q ∈ H2. (1.8)
Then we give our first main result:
Theorem 1.2. For given p, if µ ∈ R satisfies one of the followings:
(1) 1 < p < 1 + 4
d
and ∀µ ∈ (0,+∞);
(2) 1 + 4
d
≤ p < 1 + 8
d
, and ∀µ ∈ (0, µ0);
(3) 1 < p < 1 + 8
d
and µ = 0;
(4) 1 < p < 1 + 8
d
and ∀µ ∈ [−λ0, 0), for some λ0 := λ0(p, ‖Qp‖2) > 0,
then the set Mµ 6= ∅ and is orbitally stable.
Secondly, note that when µ = 0 (the case in Theorem 1.2 (3)), the minimization
problem (VP) is reduced to:
m0 := inf
u∈B1
E0(u), (1.9)
with
E0(u) :=
1
2
∫
|△u|2dx− 1
p+ 1
∫
|u|p+1dx,
which is related to the classical biharmonic equation
△2u+ ωu− |u|p−1u = 0, u ∈ H2. (1.10)
From Theorem 1.2 (3) and Lemma 3.4, we know immediately that
Corollary 1.3. Assume that 1 < p < 1+ 8
d
, then m0 < 0, and it admits a minimizer
u0 ∈ B1. Further there exists a Lagrange multiplier ω0 ∈ R, such that (u0, ω0) solves
(1.10).
6 TINGJIAN LUO, SHIJUN ZHENG, AND SHIHUI ZHU
Thirdly, concerning the gap in Theorem 1.2 (2) that 1+ 4
d
≤ p < 1+ 8
d
and µ ≥ µ0,
we prove the following theorem.
Theorem 1.4. Assume that 1+ 4
d
≤ p < 1+ 8
d
, then for any µ ∈ (µ0,+∞),Mµ = ∅,
namely, mµ has no any minimizers.
Remark 1.5. We point out that it is still unknown for us whether Mµ = ∅ or not
in the critical case µ = µ0, and also in the case µ ∈ (−∞,−λ0). Anyway, from
Theorem 1.2 and Theorem 1.4 one may observe that when 1 < p < 1 + 8
d
, the term
‖∇u‖2 in the functional affects actually the existence of minimizers of mµ.
In view of the results obtained in Theorem 1.2, it’s natural to consider the as-
ymptotic behaviors of minimizers for mµ as µ→ 0.
Theorem 1.6. Assume that 1 < p < 1 + 8
d
. Let {µk}∞k=1 be a sequence with µk → 0
as k →∞, and {uk}∞k=1 ⊂ B1 be a sequence of minimizers for mµk , then there exists
a u0 ∈ B1, such that
uk −→
k
u0, in H
2(Rd).
In particular, u0 ∈ B1 is a minimizer of m0, where m0 is given by (1.9).
Finally, we consider the critical case p = 1 + 8
d
. Note that in this case, the terms
‖△u‖22 and ‖u‖p+1p+1 of the functional Eµ(u), grow at the same rate and they play
the dominated roles in the analysis, see e.g. (3.1). However, it seems hard to know
which one is larger. Hence we turn to studying the following minimization problem:
for given µ ∈ R and b > 0,
mµ,b := inf
u∈B1
Eµ,b(u), (1.11)
where
Eµ,b(u) :=
1
2
‖△u‖22 +
µ
2
‖∇u‖22 −
b
2 + 8
d
∫
|u|2+ 8ddx. (1.12)
Correspondingly, we denote the set of all minimizers for mµ,b by
Mµ,b := {u ∈ B1 | Eµ,b(u) = mµ,b}. (1.13)
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Let Q∗ be the ground state of Eq. (1.4), and for given µ ∈ R we denote
b∗ := ‖Q∗‖
8
d
2 , b∗ := b
∗
[
1 +
‖Q∗‖22
‖∇Q∗‖22
(µ2 +
4‖∇Q∗‖22
‖Q∗‖22
µ)
]
. (1.14)
Easy to check that 0 ≤ b∗ < b∗ if µ ∈ (−4‖∇Q
∗‖22
‖Q∗‖22
, 0), see Proposition 4.3 for more
details. Then in this critical case, we obtain the following result.
Theorem 1.7. For given µ ∈ (−4‖∇Q
∗‖22
‖Q∗‖22
, 0), we have for all b ∈ (b∗, b∗), that the
set Mµ,b 6= ∅ and is orbitally stable.
Remark 1.8. We remark that the assumptions in Theorem 1.7 on µ and b are
probably technique, whose aim is to show that any minimizing sequence of mµ,b
is non-vanishing in the sense of Lq(Rd) for all q ∈ (2, 2d
(d−4)+ ), see Lemma 4.5 and
Lemma 4.6. Once this point would be proved without these assumptions by other
way, then following the profile decomposition arguments in this paper, we could
obtain the same conclusion as Theorem 1.7.
Remark 1.9. Note that when µ < 0 and b ≥ b∗, we shall prove in Lemma 4.2 that
mµ,b = −∞, which is unsolvable, by (1.11). Also when µ ≥ 0, it can be proved that
for any b > 0, mµ,b can not be attainted, ,namely Mµ,b 6= ∅, see Lemma 4.1, or also
similarly Theorem 1.2 in [9].
Remark 1.10. Let p = 1 + 8
d
and b = 1. Then Theorem 1.7 is equivalent to the
following statements.
(1) If 0 < c < ‖Q∗‖22, then the minimization problem (1.15) has a ground state
solution
mµ,c := inf
u∈Bc
Eµ(u), ∀µ ∈ R, (1.15)
where
Eµ(u) :=
1
2
∫
|△u|2dx+ µ
2
∫
|∇u|2dx− 1
p+ 1
∫
|u|p+1dx,
and the sphere Bc := {u ∈ H2 | ∫ |u|2dx = c, c > 0}.
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(2) The set of minimizersMµ,c, that is, ground state solutions in Bc, is orbitally
stable for (1.1). Here we denote
Mµ,c := {u ∈ Bc| u is a minimizer of (1.15)}. (1.16)
In this paper, the argument to prove the orbital stability of standing waves for
Eq. (1.1) follows from Cazenave and Lions’ argument in [13], but our main tool is
the profile decomposition introduced in [46, 49], which gives a new and simple way
to verify the orbital stability of standing waves for nonlinear Schro¨dinger equations.
On the other hand, according to Cazenave and Lions and Weinstein’s results in
[13, 42], the standing waves of the classical NLS with critical exponent: 1 + 4
d
are
strongly unstable(also see [6, 12]). However, for Eq. (1.1) with its critical exponent
1 + 8
d
, we find that there exist stable standing waves under some conditions, which
is different from the classical NLS. We also refer the readers to the works on the
stability of standing waves of the bi-harmonic nonlinear Schro¨dinger equation in [8,
9]. Particularly, in [8], the authors use main the classical concentration-compactness
method to get the existence of global minimizers. But the arguments in [8] can not
extend to Eq. (1.1) the negative second-order dispersive term, i.e. µ < 0 does not
work. In this paper, we use the profile decomposition tool and variational arguments
to find a lower bound of µ < 0, which ensures the existence of stable standing waves
for Eq. (1.1). Furthermore, the profile decomposition tool seems less technique and
more simple. In fact, the profile decomposition method has been widely applied to
the study of nonlinear Schro¨dinger equations, see [15, 35, 45, 48, 49]. There are two
main advantages of the profile decomposition: one is that the decomposition form
of bounded sequences is given, and it can be injected the aim functionals. The other
is that the decomposition is almost orthogonal, and the norms of bound sequences
have similar decomposition. We refer the readers to see more details in Section 3.
The paper is organized as follows. In Section 2, we give some preliminaries, in
particular the local well-posedness of Cauchy problem (1.1)-(1.2), and the profile
decomposition of a bounded sequence in Hs. We shall prove Theorem 1.2 and
Theorem 1.7 respectively in Section 3 and Section 4.
ORBITAL STABILITY OF STANDING WAVES FOR BNLS 9
2. Notations and Preliminaries
Throughout this paper, we use standard notations. For simplicity, we write∫
h(x)dx to mean the Lebesgue integral of h over Rd. Let Lp := Lp(Rd), 1 ≤ p ≤ +∞
be the usual Lebesgue space equipped with the standard norm ‖ · ‖p. Let Hs(Rd)
denote the Sobolev space equipped with the standard norm ‖ · ‖Hs. Let C denote a
positive constant that may vary from one context to another.
For Cauchy problem (1.1)-(1.2), the work space H2 is defined by
H2 := {v ∈ L2 | ∇v ∈ L2,△v ∈ L2},
with the equivalent norm (‖v‖22 + ‖△v‖22)
1
2 . Kenig, Ponce and Vega [27], Ben-Artzi,
Koch and Saut [5], and Pausader [32] established the local well-posedness of Cauchy
problem (1.1)-(1.2) in H2, as follows.
Proposition 2.1. Let ψ0 ∈ H2 and 1 < p < 2d(d−4)+ − 1. There exists a unique
solution ψ(t, x) of Cauchy problem (1.1)-(1.2) on the maximal time interval [0, T )
such that ψ(t, x) ∈ C([0, T );H2). There holds the blowup alternative, namely, either
T = +∞ (global existence), or 0 < T < +∞ and lim
t→T
‖ψ(t, x)‖H2 = +∞ (blow-up).
Furthermore, for all t ∈ [0, T ), ψ(t, x) satisfies the following conservation laws:
(i) Conservation of mass
‖ψ(t, x)‖2 = ‖ψ0‖2.
(ii) Conservation of energy
E(ψ(t, x)) :=
1
2
∫
|△ψ|2dx+ µ
2
∫
|∇ψ|2dx− 1
p+ 1
∫
|ψ|p+1dx = E(ψ0).
In this paper, we shall use the profile decomposition argument to study orbital
stability of standing waves for the bi-harmonic nonlinear Schro¨dinger equation (1.1).
The following proposition was obtained in [46], which is the main tool to study
orbital stability of standing waves for (1.1).
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Proposition 2.2. Let {vn}∞n=1 be a bounded sequence in H2. Then there exist a
subsequence of {vn}∞n=1 (still denoted {vn}∞n=1), a family {xjn}∞j=1 of sequences in Rd
and a sequence {V j}∞j=1 of H2 functions such that
(i) for every k 6= j,
|xkn − xjn| → +∞ as n→ +∞, (2.1)
(ii) for every l ≥ 1 and every x ∈ Rd
vn(x) =
l∑
j=1
V j(x− xjn) + rln(x), (2.2)
with
lim sup
n→∞
‖rln‖q → 0 as l → +∞, (2.3)
for every q ∈ (2, 2d
(d−4)+ ).
Moreover, as n→∞, we have
‖vn‖22 =
l∑
j=1
‖V j‖22 + ‖rln‖22 + o(1), (2.4)
‖∇vn‖22 =
l∑
j=1
‖∇V j‖22 + ‖∇rln‖22 + o(1). (2.5)
‖△vn‖22 =
l∑
j=1
‖△V j‖22 + ‖△rln‖22 + o(1). (2.6)
‖
l∑
j=1
V j(x− xjn)‖qq =
l∑
j=1
‖V j(x− xjn)‖qq + o(1), (2.7)
At the end of this section, we introduce the sharp Gagliardo-Nirenberg type in-
equality established in [16] (subcritical case) and [46] (critical case, supercritical
case).
Proposition 2.3. Let 1 < p < 2d
(d−4)+ − 1. Then for all v ∈ H2
‖v‖p+1p+1 ≤
p+ 1
2‖Qp‖p−12
‖v‖
(4−d)p+4+d
4
2 ‖△v‖
(p−1)d
4
2 , (2.8)
where Qp is the ground state solution of Eq. (1.8).
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3. Main Results in the L2 subcritical case
Let µ ∈ R and 1 < p < 1 + 8
d
, then we see that the variational problem (VP):
mµ = inf
v∈B1
Eµ(v).
is well-defined, namely mµ 6= −∞. Indeed, by the Gagliardo-Nirenberg inequality
(2.8), we have
Eµ(v) ≥ 1
2
‖△v‖22 +
µ
2
‖∇v‖22 − C‖v‖
(4−d)p+4+d
4
2 ‖△v‖
(p−1)d
4
2 , ∀v ∈ H2, (3.1)
where C := C(p, d, ‖Qp‖2) > 0. When µ ≥ 0, (3.1) implies that
Eµ(v) ≥ 1
2
‖△v‖22 − C‖v‖
(4−d)p+4+d
4
2 ‖△v‖
(p−1)d
4
2 , ∀v ∈ H2. (3.2)
When µ < 0, by the inequality ‖∇v‖22 ≤ ‖∆v‖2‖v‖2, (3.1) implies that
Eµ(v) ≥ 1
2
‖△v‖22 +
µ
2
‖∆v‖2‖v‖2 − C‖v‖
(4−d)p+4+d
4
2 ‖△v‖
(p−1)d
4
2 , ∀v ∈ H2. (3.3)
Noting that 0 < (p−1)d
4
< 2 as 1 < p < 1 + 8
d
, we conclude from (3.2) and (3.3) that
mµ 6= −∞, then the variational problem (VP) is well-defined.
Before considering the variational problem (VP), it is necessary to study the
properties of mµ. First we prove that
Lemma 3.1. Assume that 1 < p < 1 + 8
d
, then
(a) mµ is non-decreasing with respect to µ ∈ R;
(b) mµ is continuous at each µ ∈ R.
Proof. We observe that for any µ1, µ2 ∈ R with µ1 < µ2, there holds that
Eµ1(u) < Eµ2(u), ∀u ∈ B1,
then by the definition of mµ, we have mµ1 ≤ mµ2 , thus (a) is proved.
As for (b), we first show that for any µn → µ− as n → ∞, mµn → mµ. Indeed,
for each n ∈ N, by the definition of mµn , there exists a un ∈ B1 such that
mµn ≤ Eµn(un) < mµn +
1
n
< mµ +
1
n
. (3.4)
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Then by (3.1) and the inequality ‖∇un‖22 ≤ ‖∆un‖2‖un‖2, we see that {un}∞n=1 is
bounded in H2. Thus from (3.4),
mµ ≤ Eµ(un) = Eµn(un) + (µ− µn) ·
‖∇un‖22
2
< mµ + (µ− µn) · ‖∇un‖
2
2
2
+
1
n
,
by which we conclude that mµn → mµ as µn → µ−. Similarly, we can prove that
mµn → mµ as µn → µ+. At this point, we have proved the continuity of mµ at each
µ ∈ R. 
Concerning the value of mµ with µ ∈ R, we first prove the following lemma.
Lemma 3.2. Assume that p > 1, then mµ ≤ 0 for any µ ∈ R.
Proof. We let v0 ∈ B1 be fixed and consider the scaling vρ = ρ d2 v0(ρx), where ρ > 0
is an arbitrary constant. Then vρ ∈ B1 for any ρ > 0, and
E(vρ) =
ρ4
2
‖△v0‖22 +
µρ2
2
‖∇v0‖22 −
ρ
(p−1)d
2
p+ 1
‖v0‖p+1p+1. (3.5)
Thus for any µ ∈ R, by (3.5) and the definition of mµ, we have mµ ≤ lim
ρ→0+
Eµ(v
ρ) =
0. Then the Lemma is proved.

More precisely, we shall prove the following.
Lemma 3.3. Assume that 1 < p < 1 + 8
d
and µ > 0, then we have the followings.
(1) When 1 < p < 1 + 4
d
, mµ < 0 for any µ > 0.
(2) When 1 + 4
d
≤ p < 1 + 8
d
, let
µ0 := sup{µ > 0 | mµ < 0}. (3.6)
Then 0 < µ0 <∞ and
 mµ < 0, 0 < µ < µ0,mµ = 0, µ ≥ µ0.
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Proof. From (3.5) we have
E(vρ)
ρ
(p−1)d
2
=
ρ
8+d−pd
2
2
‖△v0‖22 +
µρ
4+d−pd
2
2
‖∇v0‖22 −
1
p+ 1
‖v0‖p+1p+1. (3.7)
When 1 < p < 1+ 4
d
, note that 4+d−pd
2
> 0, and then by (3.7), for any µ > 0 there
exists a ρ0 > 0 sufficiently small, such that mµ ≤ Eµ(vρ0) < 0 , then (1) is verified.
When 1 + 4
d
≤ p < 1 + 8
d
, first we let ρ =
√
µ, then (3.7) implies that
E(vρ)
µ
(p−1)d
4
=
µ
8+d−pd
4
2
‖△v0‖22 +
µ
8+d−pd
4
2
‖∇v0‖22 −
1
p+ 1
‖v0‖p+1p+1, (3.8)
from which we conclude that mµ < 0 as µ > 0 small enough. Thus by the definition
of µ0, we have µ0 > 0. To show that µ0 <∞, it is enough to prove that mµ = 0 as
µ > 0 large enough.
For this purpose, we recall that in [8, (2.4)] the authors established the following
estimate:∫
|v|p+1dx ≤ Cp,d · ‖v‖p−12 ‖△v‖
pd−d−4
2
2 ‖∇v‖
8+d−pd
2
2 , ∀v ∈ H2, (3.9)
for some constant Cp,d > 0 independent of v ∈ H2, see (2.4) of [8] for details. Thus
for any u ∈ B1,
Eµ(u) ≥ 1
2
‖△u‖22 +
µ
2
‖∇u‖22 −
Cp,d
p+ 1
‖△u‖
pd−d−4
2
2 ‖∇u‖
8+d−pd
2
2 . (3.10)
When p = 1 + 4
d
, then by (3.10), we have
Eµ(u) ≥
[
µ
2
− Cp,d
p+ 1
]
‖∇u‖22 ∀u ∈ B1, (3.11)
from which we conclude that mµ = 0 if µ > 0 large enough. When 1+
4
d
< p < 1+ 8
d
,
by the Young’s inequality,
‖△u‖
pd−d−4
2
2 ‖∇u‖
8+d−pd
2
2 ≤ ε‖△u‖
pd−d−4
2
p′
2 + C(ε)‖∇u‖
8+d−pd
2
q′
2 ,
where 1
p′
+ 1
q′
= 1 and C(ε) = (εp′)−q
′/p′q′−1. Let ε, p′ be such that


Cp,d
p+1
ε = 1
2
,
pd−d−4
2
p′ = 2.
⇐⇒


ε = p+1
2Cp,d
,
p′ = 4
pd−d−4
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Then q′ = 4
8+d−pd and
8+d−pd
2
q′ = 2. Hence by (3.10) we obtain a similar estimate
Eµ(u) ≥
[
µ
2
− Cp,d
p+ 1
C(ε)
]
‖∇u‖22 ∀u ∈ B1, (3.12)
from which we also conclude that mµ = 0 if µ > 0 large enough. From (3.11), (3.12)
and Lemma 3.2, we see that mµ = 0 if µ > 0 is large enough. Hence µ0 6= +∞, thus
we have already proved that 0 < µ0 <∞.
Finally, from the definition of µ0 and the non-decreasing of mµ by Lemma 3.1,
we conclude that mµ < 0 if 0 < µ < µ0 and mµ = 0 if µ > µ0. Furthermore by the
continuity, mµ0 = 0. Therefore the proof is complete.

Concerning the case µ ≤ 0, we need the following lemma.
Lemma 3.4. Assume that 1 < p < 1 + 8
d
. Then mµ < 0 for all µ ≤ 0.
Proof. Indeed, for any µ ≤ 0, we let v0 ∈ B1 be fixed and consider the scaling
vρ = ρ
d
2 v0(ρx), where ρ > 0 is an arbitrary constant. Then v
ρ ∈ B1 for any ρ > 0,
and since µ ≤ 0 we have
Eµ(v
ρ) =
ρ4
2
‖△v0‖22 +
µρ2
2
‖∇v0‖22 −
ρ
(p−1)d
2
p+ 1
‖v0‖p+1p+1
≤ ρ
4
2
‖△v0‖22 −
ρ
(p−1)d
2
p+ 1
‖v0‖p+1p+1. (3.13)
Note that 0 < (p−1)d
2
< 4 as 1 < p < 1 + 8
d
, then from (3.13) we deduce that
there exist constants ρ0 > 0 which depends only on the values of p, d, v0, such that
E(vρ0) < 0. Then mµ < 0. 
Next, we investigate the variational problem (VP) by using the profile decomposi-
tion of bounded sequences in H2. Then, we prove that the the infimum of variational
problem (VP) can be reached, as follows.
Proposition 3.5. Let 1 < p < 1+ 8
d
. Suppose that µ ∈ R and mµ satisfy one of the
followings:
(i) µ ≥ 0 and mµ < 0;
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(ii) −λ0 ≤ µ < 0, for some λ0 := λ0(p, ‖Qp‖2) > 0, where Qp is given in (2.8).
Then any minimizing sequence of mµ is pre-compact. Moreover, there exists a u ∈
B1 such that
mµ = Eµ(u), (3.14)
namely Mµ 6= ∅.
Proof. Case (i): µ ≥ 0 and mµ < 0.
Let {vn}∞n=1 ⊂ B1 be an arbitrary sequence satisfying
Eµ(vn)→ mµ as n→∞. (3.15)
Then for n large enough, we have
3mµ
2
< Eµ(vn) <
mµ
2
< 0, (3.16)
and
1
p+ 1
∫
|vn|p+1dx = 1
2
‖△vn‖22 +
µ
2
‖∇vn‖22 −Eµ(vn) ≥ −
mµ
2
> 0, (3.17)
then by the interpolation inequality, we know that {vn}∞n=1 ⊂ B1 is non-vanishing in
Lq(Rd) for all q ∈ (2, 2d
(d−4)+ ). In addition, by (3.2) and (3.15), we see that {vn}+∞n=1
is bounded in H2, when 1 < p < 1 + 8
d
.
Then by the Proposition 2.2, the sequence {vn}∞n=1 can be decomposed as
vn(x) =
l∑
j=1
V j(x− xjn) + rln(x) (3.18)
with lim
l→+∞
lim sup
n→∞
‖rln‖q = 0, for q ∈ (2, 2d(d−4)+ ), and moreover, as n → +∞, (2.4)-
(2.7) are ture. By injecting the preceding compositions into the energy functional,
we then obtain that as n→∞
Eµ(vn) =
l∑
j=1
Eµ(V
j(x− xjn)) + Eµ(rln) + o(1). (3.19)
Since {vn}∞n=1 is non-vanishing in Lq(Rd) for all q ∈ (2, 2d(d−4)+ ), then by Lions’
vanishing Lemma (see e.g. [12]), ‖V j(x−xjn)‖2 > 0, ∀1 ≤ j ≤ l. Thus by (3.18) for
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every V j(x− xjn), we can take the scaling
V jρj = ρjV
j(x− xjn) with ρj =
1
‖V j(x− xjn)‖2
≥ 1. (3.20)
Then ‖V jρj‖22 = 1 and
Eµ(V
j
ρj
) = ρ2jEµ(V
j(x− xjn))−
ρ2
j
(ρp−1
j
−1)
p+1
‖V j(x− xjn)‖p+1p+1,
which implies that
Eµ(V
j(x− xjn)) =
Eµ(V
j
ρj
)
ρ2j
+
ρp−1j − 1
p+ 1
‖V j(x− xjn)‖p+1p+1. (3.21)
Similarly, Eµ(r
l
n) can be estimated as follows:
Eµ(r
l
n) = ‖rln‖22Eµ(
1
‖rln‖2
rln) +
(
1
‖rln‖2
)p−1 − 1
p+ 1
‖rln‖p+1p+1 ≥ ‖rln‖22Eµ(
1
‖rln‖2
rln), (3.22)
as n→∞ and l → +∞. Thus it follows from (3.20) and the definition of mµ that
Eµ(V
j
ρj
) ≥ mµ and Eµ( 1‖rln‖2
rln) ≥ mµ. (3.23)
Meanwhile, since
l∑
j=1
‖V j(x− xjn)‖22 is convergent, there exists j0 ≥ 1 such that
inf
j≥1
ρp−1j − 1
p+ 1
=
1
‖V j0‖p−12
− 1
p+ 1
=
1
p+ 1
(
1
‖V j0‖p−12
− 1
)
. (3.24)
Injecting (3.21)-(3.24) into (3.19), one deduces that the right hand side of (3.19)
has the following estimates as n→ +∞, and l → +∞
Eµ(vn) =
l∑
j=1
(
Eµ(V
j
ρj
)
ρ2
j
+
ρp−1
j
−1
p+1
‖V j(x− xjn)‖p+1p+1
)
+ Eµ(r
l
n) + o(1)
≥ l∑
j=1
mµ
ρ2
j
+ inf
j≥1
ρp−1
j
−1
p+1
(
l∑
j=1
‖V j(x− xjn)‖p+1p+1) + ‖rln‖22mµ + o(1)
≥ l∑
j=1
mµ
ρ2
j
+ ‖rln‖22mµ + C0p+1
(
1
‖V j0‖p−12
− 1
)
+ o(1)
= mµ +
C0
p+1
(
1
‖V j0‖p−12
− 1
)
+ o(1),
(3.25)
for some constant C0 > 0 independent of n.
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Finally, taking n→∞ and l → +∞ in (3.25), by (3.15) we deduce that
C0
p+ 1
(
1
‖V j0‖p−12
− 1
)
≤ 0.
Then, ‖V j0‖22 ≥ 1, and from (2.4), there exists only one term V j0 6= 0 in the
decomposition (3.18) such that ‖V j0‖22 = 1, and from (2.4)-(2.7), we deduce that
vn → V j0 in H2 and Eµ(V j0) = mµ, which implies that mµ is attained at V j0 ∈ B1.
Thus part (i) is proved.
Case (ii): µ < 0. By Lemma 3.3 we know that mµ < 0 for all µ < 0. Let
{vn}∞n=1 ⊂ B1 be an arbitrary minimizing sequence ofmµ, then {vn}∞n=1 is bounded in
H2(Rd), since (3.3). Now we claim that there exists a constant λ0 := λ0(p, ‖Qp‖2) >
0, such that for −λ0 ≤ µ < 0, {vn}∞n=1 is non-vanishing, in the sense that
∫
|vn|p+1dx ≥ C0 > 0, (3.26)
for some C0 > 0 independent of n.
Indeed, by (3.3), we have for any µ < 0 that
Eµ(u) ≥ 1
2
‖△u‖22 +
µ
2
‖△u‖2 − C(p, ‖Qp‖2)‖△u‖
(p−1)d
4
2 , ∀u ∈ B1. (3.27)
Define a function
f(y) :=
1
2
y2 − 1
2
y − C(p, ‖Qp‖2)y
(p−1)d
4 , ∀y ≥ 0,
then it is easy to check that f(0) = 0 and f(y) is strictly convex on [0,+∞), noting
that 2 > (p−1)d
4
if p < 1 + 8
d
. Let m0 be given in (1.9), then m0 < 0 by Lemma 3.4.
Thus we conclude that there exist y1 := y1(p, ‖Qp‖2) > 0 and y2 := y2(p, ‖Qp‖2) > 0,
with y1 < y2, such that
m0 ≥ f(y) ⇐⇒ y ∈ [y1, y2]. (3.28)
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Now we denote λ0 := min{1, y1}. Clearly λ0 > 0 and it depends on only p and
‖Qp‖2. Thus for any −λ0 ≤ µ < 0, we have
m0 ≥ mµ = Eµ(vn) + o(1)
≥ 1
2
‖△vn‖22 +
µ
2
‖∇vn‖2 − C(p, ‖Qp‖2)‖△vn‖
(p−1)d
4
2 + o(1), by (3.27)
≥ 1
2
‖△vn‖22 −
1
2
‖△vn‖2 − C(p, ‖Qp‖2)‖△vn‖
(p−1)d
4
2 + o(1)
= f(‖△vn‖2) + o(1),
where the last step in the above estimate, we use the fact µ ≥ −λ0 ≥ −1. This,
together with (3.28), implies that ‖△vn‖2 ≥ y1 ≥ λ0 > 0, taking n large enough if
necessary. Hence, assuming that −λ0 ≤ µ < 0, there holds for n large enough that
1
p + 1
∫
|vn|p+1dx = 1
2
‖△vn‖22 +
µ
2
‖∇vn‖22 − Eµ(vn)
≥ 1
2
‖△vn‖2(‖△vn‖2 + µ)− mµ
2
≥ λ0 + µ
2
‖△vn‖2 − mµ
2
≥ −mµ
2
> 0,
which verifies (3.26). Thus by the interpolation inequality we know that {vn}∞n=1 ⊂
B1 is non-vanishing in L
q(Rd) for all q ∈ (2, 2d
(d−4)+ ).
Finally, we complete the proof of Case (ii) by using the profile decomposition to
show the compactness of {vn}∞n=1. Since in this procedure the role of µ ∈ R is not
essential, the proof goes the same as in Case (i). For simplicity we omit it here.
Therefore, we have proved Proposition 3.5. 
Now we are ready to apply Proposition 3.5 to finish the proof of Theorem 1.2. As
we shall see, the proof is mainly based on the concentration compactness argument
in [13], see also [12].
Proof of Theorem 1.2. We shall prove this theorem by contradiction. First we
note that when µ ≥ 0 and 1 < p < 1+ 8
d
, it follows from (2.8) that for all t ∈ I (the
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maximal existence interval)
Eµ(ψ0) = Eµ(ψ) ≥ 12‖△ψ(t)‖22 + µ2‖∇ψ(t)‖22 − C‖ψ(t)‖
(4−d)p+4+d
4
2 ‖△ψ(t)‖
(p−1)d
4
2
≥ 1
2
‖△ψ(t)‖22 − ε‖△ψ(t)‖22 − C(ε, p, d, ‖ψ(t)‖2)
for any 0 < ε < 1
2
. Thus, according to the conservation of mass ‖ψ(t)‖2 = ‖ψ0‖2
and the interpolation, we see that for all t ∈ I, {‖ψ(t)‖H2} is bounded, and then by
Proposition 2.1 the solution ψ(t, x) of Cauchy problem (1.1)-(1.2) exists globally.
Similarly, when −λ0 ≤ µ < 0, for all t ∈ I (the maximal existence interval), we
deduce that for any 0 < ε < 2
4−µ .
Eµ(ψ0) = Eµ(ψ) ≥ 12‖△ψ(t)‖22 + µ2‖∇ψ(t)‖22 − C‖ψ(t)‖
(4−d)p+4+d
4
2 ‖△ψ(t)‖
(p−1)d
4
2
≥ (1
2
+ µε
4
− ε)‖△ψ(t)‖22 + µε4 ‖ψ(t)‖22 − C(ε, p, d, ‖ψ(t)‖2),
where 1
2
+ µε
4
− ε > 0. Then by ‖ψ(t)‖2 = ‖ψ0‖2 and the interpolation, we deduce
that for all t ∈ I, {‖ψ(t)‖H2} is bounded, and the solution ψ(t, x) of Cauchy problem
(1.1)-(1.2) exists globally.
Now we assume by contradiction that Mµ is orbitally unstable, then there exist
ε0 > 0 and a sequence of initial data {ψn0 }∞n=1 such that
inf
u∈Mµ
‖ψn0 − u‖H2 <
1
n
, (3.29)
and there exists a sequence {tn}∞n=1 such that the corresponding solution sequence
{ψn(tn, x)}∞n=1 satisfies
inf
u∈Mµ
‖ψn(tn, ·)− u(·)‖H2 ≥ ε0. (3.30)
Note from the conservation laws that as n→∞

∫ |ψn(tn, x)|2dx = ∫ |ψn0 |2dx→ ∫ |u|2dx = 1,
Eµ(ψn(tn, x)) = Eµ(ψ
n
0 )→ Eµ(u) = mµ.
Let ϕn(tn, x) := ρn · ψn(tn, x) with ρn :=
√
1/‖ψn(tn, x)‖22, then ϕn(tn, x) ∈ B1
and ρn → 1. In particular, {ϕn(tn, x)}∞n=1 is a minimizing sequence of mµ. From
Lemma 3.3 and Proposition 3.5, we see that under the assumptions of Theorem 1.2,
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there exists a minimizer u ∈ B1 such that ‖ϕn(tn, ·) − u(·)‖H2 → 0 as n → ∞.
Furthermore,
‖ψn(tn, ·)− u(·)‖H2 → 0 as n→∞. (3.31)
Clearly (3.31) contradicts with (3.30). This completes the proof. 
Remark 3.6. By taking µ = 0 in Theorem 1.2, we remark that the orbital stability
result for the biharmonic nonlinear Schro¨dinger equation (1.1) in the subcritical case
is similar to that for the classical NLS, see [12]). Indeed, when µ > 0, we can take
µ△ψ−△2ψ as one part due to they has the same sign after integrating. But the loss
of scaling invariance is also a challenge, and we employ the profile decomposition
theory and some new estimates to obtain the orbital stability of standing waves.
However, when µ < 0, the existence of stable standing waves changes dramatically.
In fact, we can not take µ△ψ − △2ψ as one part, and the lower-order term µ△ψ
can not simply be controlled by the higher-order term △2ψ. Hence, we just obtain
the orbital stability of standing waves for Eq.(1.1) with small µ: −λ0 ≤ µ < 0. We
conjecture that when µ < −λ0 and |µ| is sufficiently large, the standing waves of
Eq. (1.1) turn to be unstable.
Proof of Theorem 1.4. We assume by contradiction that for µ > µ0, there exists
a minimizer of v0 ∈ B1 such that Eµ(v0) = mµ. By Lemma 3.3 (2), Eµ(v0) = mµ = 0.
Thus from the definition of Eµ(u), we have
µ− µ0
2
‖∇v0‖22 = Eµ(v0)−Eµ0(v0) ≤ 0−mµ0 = 0,
this leads to a contradiction if µ > µ0, since ‖∇v0‖2 6= 0. Therefore we deduce that
Mµ = ∅, for any µ ∈ (µ0,+∞). 
Proof of Theorem 1.6. Let {µk}∞k=1 be a sequence with µk → 0 as k → ∞, and
{uk}∞k=1 ⊂ B1 be a sequence of minimizers for mµk < 0, namely
 Eµk(uk) = mµk < 0,uk ∈ B1. , ∀k ∈ N
+.
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By continuity of Lemma 3.1 (b), and Lemma 3.4, mµk → m0 < 0 as k → ∞. Then
{uk}∞k=1 ⊂ B1 is a minimizing sequence of m0. Now we claim that
(a) {uk}∞k=1 ⊂ B1 is bounded in H2(Rd);
(b) uk → u0 in H2(Rd), for some u0 ∈ B1.
Indeed, we deduce from (3.2) and (3.3) respectively that
mµk = Eµk(uk) ≥
1
2
‖△uk‖22 − C · ‖△uk‖
(p−1)d
4
2 , if µk > 0, (3.32)
mµk = Eµk(uk) ≥
1
2
‖△uk‖22 +
µk
2
‖△uk‖2 − C · ‖△uk‖
(p−1)d
4
2 , if µk < 0, (3.33)
for some constant C > 0, independent of k ∈ N+. Note that 0 < (p−1)d
4
< 2 if 1 <
p < 1 + d
8
, then from (3.32), (3.33) and mµk → m0 < 0, we see that {‖△uk‖2}∞k=1 is
bounded. Further by the inequality ‖∇u‖22 ≤ ‖∆u‖2‖u‖2, {‖∇uk‖2}∞k=1 is bounded.
Thus (a) is verified.
Knowing that {uk}∞k=1 ⊂ B1 is bounded in H2(Rd), we then take a week limit,
uk ⇀ u0, in H
2(Rd),
for some u0 ∈ H2(Rd). Observe from the proof of Proposition 3.5 that if {uk}∞k=1
is non-vanishing in Lp+1(Rd), namely there exists a C0 > 0 independent of k ∈ N+,
such that
∫
|uk|p+1 ≥ C0 > 0. (3.34)
(k ∈ N+ can be chose large enough, if necessary) then we could follow the same
profile decomposition arguments as in the proof of Proposition 3.5 to show that
uk → u0 in H2(Rd). Hence the remaining work is to verify (3.34). To this aim, we
note that for k ∈ N+ large,
1
p+ 1
∫
|uk|p+1dx = 1
2
‖△uk‖22 +
µk
2
‖∇uk‖22 − Eµk(uk) ≥ −
1
2
mµk → −
1
2
m0 > 0,
which proves (3.34). At this point, the proof is complete.

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4. Main Results in the L2 critical case
In this section, we treat the critical case p = 1 + 8
d
. We study the following
minimization problem: for given µ ∈ R and b > 0,
mµ,b := inf
u∈B1
Eµ,b(u), (4.1)
where
Eµ,b(u) :=
1
2
‖△u‖22 +
µ
2
‖∇u‖22 −
b
2 + 8
d
∫
|u|2+ 8ddx. (4.2)
We should point out that finding constrained critical points when the functional
is unbounded from below on the constraint is a question firstly considered in [23].
Recently, these problems have been widely studied (see [3, 4, 8, 9, 24, 43]).
Now, we recall that when p = 1 + 8
d
, the Gargilardo-Nirenberg inequality (2.8) is
reduced to ∫
|u|2+ 8ddx ≤ 1 +
4
d
‖Q∗‖
8
d
2
‖u‖
8
d
2 ‖△u‖22, ∀u ∈ H2, (4.3)
where Q∗ is the ground state of Eq. (1.4), and the equality holds if and only if
u = Q∗. Denote b∗ := ‖Q∗‖
8
d
2 , then following the proof of Theorem 1.2 in [9], we can
easily obtain that
Lemma 4.1. Assume that µ ≥ 0. Then
 mµ,b = 0, 0 < b ≤ b
∗,
mµ,b = −∞, b > b∗.
(4.4)
In addition, for each b ∈ (0, b∗], the functional Eµ,b(u) has no any critical point on
B1. In particular, mµ,b can not be attained for all b > 0.
Hence in the sequel we mainly consider the case µ < 0. We first have the following
lemma.
Lemma 4.2. Assume that µ < 0. Then
 −∞ < mµ,b < 0, 0 < b < b
∗,
mµ,b = −∞, b ≥ b∗.
(4.5)
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Proof. First, by (4.3) and the inequality ‖∇u‖22 ≤ ‖△u‖2‖u‖2, we have for all u ∈ H2
that
Eµ,b(u) ≥ 1
2
[
1− b
b∗
]
‖△u‖22 +
µ
2
‖∇u‖22
≥ 1
2
[
1− b
b∗
]
‖△u‖22 +
µ
2
‖△u‖2‖u‖2.
Thus
Eµ,b(u) ≥ 1
2
[
1− b
b∗
]
‖△u‖22 +
µ
2
‖△u‖2, ∀u ∈ B1, (4.6)
which implies that mµ,b 6= −∞ for every 0 < b < b∗. To show that mµ,b < 0 as
0 < b < b∗, we consider the scaling vρ = ρ
d
2 v0(ρx), where v0 ∈ B1 is given and ρ > 0
is an arbitrary constant. Then vρ ∈ B1 for any ρ > 0 and
Eµ,b(v
ρ) =
ρ4
2
‖△v0‖22 +
µρ2
2
‖∇v0‖22 −
ρ4b
2 + 8
d
‖v0‖2+
8
d
2+ 8
d
(4.7)
<
ρ4
2
‖△v0‖22 +
µρ2
2
‖∇v0‖22.
Then by taking ρ = ρ0 :=
√−µ
2
· ‖∇v0‖2‖△v0‖2 , we could find a constant C0 > 0 such that
Eµ,b(v
ρ) = µρ
2
2
‖∇v0‖22 ≤ −C0 < 0. This proves that −∞ < mµ,b < 0 as 0 < b < b∗.
Secondly, when b ≥ b∗, replacing v0 in (4.7) by Q∗ with Q∗ as in (4.3), we have
Eµ,b((Q
∗)ρ) =
ρ4
2
‖△Q∗‖22 +
µρ2
2
‖∇Q∗‖22 −
ρ4b
2 + 8
d
‖Q∗‖2+
8
d
2+ 8
d
=
ρ4
2
[
1− b
b∗
]
‖△Q∗‖22 +
µρ2
2
‖∇Q∗‖22
≤ µρ
2
2
‖∇Q∗‖22, since b ≥ b∗.
In view of µ < 0, the preceding inequality implies that Eµ,b((Q
∗)ρ) → −∞ as
ρ→∞. Thus mµ,b = −∞ as b ≥ b∗. 
Due to Lemma 4.2, by following the idea of the proof of Proposition 3.5 Case (ii),
we could prove:
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Proposition 4.3. For any given µ ∈ (−4‖∇Q
∗‖2
‖Q∗‖2 , 0), let
b∗ := ‖Q∗‖
8
d
2 , b∗ := b
∗
[
1 +
‖Q∗‖22
‖∇Q∗‖22
(µ2 +
4‖∇Q∗‖22
‖Q∗‖22
µ)
]
. (4.8)
Then 0 ≤ b∗ < b∗, and for all b ∈ (b∗, b∗), any minimizing sequence of mµ,b is
pre-compact. Moreover, there exists a u ∈ B1 such that
mµ,b = Eµ,b(u),
namely Mµ,b 6= ∅.
Remark 4.4. We remark that due to the fact that m0,b = 0, for all 0 < b < b
∗,
see Lemma 4.1, then the way to show that a minimizing sequence of mµ,b does not
vanish in Lp+1(Rd) in the subcritical case, can not be applied in the critical case, see
the proof of Proposition 3.5 Case (ii) for more details. To overcome this obstacle,
we need the following two Lemmas.
Lemma 4.5. Let (µ, b) with µ < 0, 0 < b < b∗, be such that
mµ,b < −µ
2
8
, (4.9)
and {un}∞n=1 ∈ B1 be an arbitrary minimizing sequence of mµ,b. Then there holds
necessarily that ∫
|un|2+ 8ddx ≥ C0 > 0, ∀n ∈ N+, (4.10)
for some constant C0 > 0, independent of un.
Proof. If we assume that
∫ |un|2+ 8ddx→ 0, then by mµ,b = lim
n→∞Eµ,b(un) we have
‖∆un‖22 + µ‖∇un‖22 → 2mµ,b.
By the inequality ‖∇un‖22 ≤ ‖∆un‖2‖un‖2, we deduce that
‖∆un‖22 + µ‖∆un‖2 ≤ ‖∆un‖22 + µ‖∇un‖22 → 2mµ,b,
which implies for n ∈ N+ large enough that
−µ
2
4
≤ ‖∆un‖22 + µ‖∆un‖2 ≤ 2mµ,b.
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Hence if mµ,b < −µ28 , namely 2mµ,b < −µ
2
4
, then a contradiction occurs. Thus this
lemma is proved. 
Lemma 4.6. For any given µ ∈ (−4‖∇Q
∗‖2
‖Q∗‖2 , 0), let b∗ and b
∗ be given in (4.8).
Then
(i) 0 ≤ b∗ < b∗;
(ii) For all b ∈ (b∗, b∗), (µ, b) satisfies (4.9), and in particular, any minimizing
sequence {un}∞n=1 of mµ,b is non-vanishing, in the following sense:∫
|un|qdx ≥ C0 > 0, ∀q ∈ (2, 2d
(d− 4)+ ), (4.11)
for some constant C0 > 0, independent of un.
Proof. Indeed, by the definition of b∗ in (4.8), we observe easily that 0 ≤ b∗ < b∗,
noting the facts that µ ∈ (−4‖∇Q
∗‖2
‖Q∗‖2 , 0) and ‖∇Q
∗‖22 ≤ ‖∆Q∗‖2‖Q∗‖2. Then (i) is
verified.
To show (ii), we first recall that
Eµ,b(Q
∗) =
1
2
‖∆Q∗‖22 +
µ
2
‖∇Q∗‖22 −
b
2 + 8
d
∫
|Q∗|2+ 8ddx
=
1
2
(1− b
b∗
)‖∆Q∗‖22 +
µ
2
‖∇Q∗‖22.
Denote v0 :=
Q∗
‖Q∗‖2 , then v0 ∈ B1, and
Eµ,b(v0) =
1
2‖Q∗‖22
[
(1− b
b∗
)‖∆Q∗‖22 + µ‖∇Q∗‖22
]
.
Thus,
Eµ,b(v0) < −µ
2
8
⇐⇒ 1
2‖Q∗‖22
[
(1− b
b∗
)‖∆Q∗‖22 + µ‖∇Q∗‖22
]
< −µ
2
8
⇐⇒ µ2 + 4‖∇Q
∗‖22
‖Q∗‖22
µ+
4
‖Q∗‖22
(1− b
b∗
)‖∆Q∗‖22 < 0
⇐⇒ b > b∗
[
1 +
‖Q∗‖2
4‖∆Q∗‖2 (µ
2 +
4‖∇Q∗‖2
‖Q∗‖2 µ)
]
⇐⇒ b > b∗.
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Hence given µ ∈ (−4‖∇Q
∗‖2
‖Q∗‖2 , 0), for any b ∈ (b∗, b
∗), we have
Eµ,b(v0) < −µ
2
8
, v0 ∈ B1,
which implies that
mµ,b < −µ
2
8
.
And then (4.9) is verified. Thus by Lemma 4.5, {un}∞n=1 is non-vanishing in L2+
8
d (Rd),
and further by the interpolation inequality, (4.11) follows. At this point, the proof
is complete. 
The Proof of Proposition 4.3 . We recall from the proof of Proposition 3.5 Case
(ii) that to prove that any minimizing sequence ofmµ,b is pre-compact, by the profile
decomposition arguments, it only needs to show the point that any minimizing
sequence of mµ,b is non-vanishing, in the sense of (4.11). Indeed, by Lemma 4.5 and
Lemma 4.6, it holds actually under the assumptions on µ and b in this proposition.
Then the rest are the same as the proof of Proposition 3.5 Case (ii). Here we do
not repeat them any more. 
The Proof of Theorem 1.7. Let ψ(t) be the solution of the Cauchy problem
(1.1)-(1.2) with initial datum ψ0 ∈ H2. Then by (4.6) and the conservation laws in
energy and mass, we deduce that for all t ∈ I (the maximal existence interval)
Eµ,b(ψ0) = Eµ,b(ψ(t)) ≥ 1
2
[
1− b
b∗
]
‖△ψ(t)‖22 +
µ
2
‖△ψ(t)‖2‖ψ0‖2. (4.12)
When 0 < b < b∗, then from (4.12) and the interpolation one concludes that
{‖ψ(t)‖H2} is bounded for all t ∈ I. Thus by Proposition 2.1 we know that the
solution ψ(t, x) of Cauchy problem (1.1)-(1.2) exists globally in time. The remain-
ing is to show the stability of Mµ,b by a standard contradiction argument as in in
the proof of Theorem 1.2. Therefore the proof is complete. 
Remark 4.7. We mention that the existence of the ground states for (1.1) was
studied also in [8, 36], but using a different method.
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